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Experimental identification of quantum spin liquids remains a challenge, as the pristine nature
is to be seen in asymptotically low temperatures. We here theoretically show that the precursor of
quantum spin liquids appears in the spin dynamics in the paramagnetic state over a wide temperature
range. Using the cluster dynamical mean-field theory and the continuous-time quantum Monte
Carlo method, which are newly developed in the Majorana fermion representation, we calculate
the dynamical spin structure factor, relaxation rate in nuclear magnetic resonance, and magnetic
susceptibility for the honeycomb Kitaev model whose ground state is a canonical example of the
quantum spin liquid. We find that dynamical spin correlations show peculiar temperature and
frequency dependence even below the temperature where static correlations saturate. The results
provide the experimentally-accessible symptoms of the fluctuating fractionalized spins evincing the
quantum spin liquids.
PACS numbers: 71.10.Fd, 71.27.+a, 75.10.-b
The quantum spin liquid (QSL) has attracted much
attention for decades, as a new state of matter in in-
sulating magnets stabilized by quantum fluctuations [1].
Although several candidate materials have been studied,
experimental identification of QSLs still remains a chal-
lenge in modern condensed matter physics [2, 3]. This
is mainly because of the absence of conventional order
parameters: it is hard to prove the lack of any symmetry
breaking down to the lowest temperature (T ). Many at-
tempts were made also on the low-T behavior of thermo-
dynamic quantities, for instance, the specific heat [4–6],
which reflect the low-energy excitations specific to QSLs.
All these efforts are nonetheless extremely difficult, as
the asymptotically low-T physics might be sensitively af-
fected by extrinsic factors, such as impurities and subor-
dinate interactions.
On the other hand, QSLs are established in several the-
oretical models. Among them, the Kitaev model provides
a canonical example of exact QSLs with fractional exci-
tations in the ground state [7]. The model is believed to
describe the anisotropic exchange interactions realized in
insulating magnets with strong spin-orbit coupling, such
as Ir oxides [8]. This has stimulated a new trend of explo-
ration of QSLs in real materials [9–12]. Recently, several
experimental efforts have been made on the identification
of the fractional excitations in the paramagnetic state
above the Ne´el temperature as a precursor to QSLs [13–
16]. Indeed, such a signature in a wide T range was the-
oretically predicted for thermodynamic quantities [17].
However, the signature of fractionalization is most clearly
visible in the dynamics, for which theoretical studies were
limited to the ground state [18, 19]. Thus, the ‘missing
link’ between theory and experiment exists in the dynam-
ical properties in the experimentally-accessible T range.
This is, however, a theoretical challenge as it requires to
handle both quantum and thermal fluctuations simulta-
neously.
In this Letter, we present numerical results on the dy-
namical properties of the Kitaev model at finite T . To
take into account quantum and thermal fluctuations on
an equal footing, we develop the cluster dynamical mean-
field theory (CDMFT) and the continuous-time quantum
Monte Carlo method (CTQMC) in the Majorana fermion
representation of this quantum spin model. We calculate
the experimentally measurable quantities: the dynamical
spin structure factor, S(q, ω), which is measured in the
neutron scattering experiment, the relaxation rate in nu-
clear magnetic resonance (NMR), 1/T1, and the magnetic
susceptibility χ, for both ferromagnetic (FM) and anti-
ferromagnetic (AFM) cases. We show that the dynamical
spin fluctuations in the paramagnetic state are strongly
influenced by the thermal fractionalization of quantum
spins. S(q, ω) exhibits the growth of inelastic and quasi-
elastic responses at very different T scales. Also, 1/T1
begins to increase below the temperature where the static
spin correlations saturate, and shows a peak at very low
T , despite the suppression of χ from the Curie-Weiss
behavior. These unconventional features will provide a
smoking gun for fractionalized spins in the Kitaev-type
QSLs.
We consider the Kitaev model on a honeycomb lattice,
whose Hamiltonian is given by [7]
H = −Jx
∑
〈j,k〉x
Sxj S
x
k − Jy
∑
〈j,k〉y
Syj S
y
k − Jz
∑
〈j,k〉z
Szj S
z
k ,
(1)
where Spj is the p(= x, y, z) component of the S = 1/2
spin at site j. The sum of 〈j, k〉p is taken for the nearest-
neighbor (NN) sites on three inequivalent bonds of the
honeycomb lattice, as indicated in Fig. 1(a).
2The exact solution for the ground state of the model
(1) is obtained by introducing Majorana fermions [7]. A
formulation, which is suitable for the following numeri-
cal calculations at finite T , is obtained by applying the
Jordan-Wigner transformation to the one-dimensional
chains composed of the Jx and Jy bonds and introducing
two types of Majorana fermions cj and c¯j [20–22]. Then,
the Hamiltonian in Eq. (1) is rewritten as
H = i
Jx
4
∑
(j,k)x
cjck − i
Jy
4
∑
(j,k)y
cjck − i
Jz
4
∑
(j,k)z
ηrcjck,
(2)
where (j, k)p is the NN pair satisfying j < k on the p
bond. Here, ηr = ic¯j c¯k is defined on each z bond (r is the
bond index); ηr is a Z2 variable taking ±1, as η
2
r = 1 and
it commutes with the Hamiltonian as well as all the other
ηr′ . The ground state is given by all ηr = 1, dictating a
QSL with gapless or gapful excitations depending on the
anisotropy in the coupling constants [7].
At finite T , however, the configuration of {η} is
disturbed by thermal fluctuations. Hence, the model
in Eq. (2) describes itinerant Majorana fermions cou-
pled to thermally-fluctuating classical variables ηr, which
can be regarded as a variant of the double-exchange
model. This allows one to utilize theoretical tools
developed for fermion systems, such as the quantum
Monte Carlo method [23]. In this study, we construct
the CDMFT [24] for this Majorana fermion problem.
By following the formulation for the double-exchange
model [25] and using the path-integral representation for
Majorana fermions [26], the effective action for a cluster
embedded in a bath [see Fig. 1(a)] is given by
S
{η}
eff =− T
∑
j,k,n≥0
χj,−ωn(G0(iωn))
−1
j,kχk,ωn
+ i
Jz
2
T
∑
〈j,k〉z,n
ηrχj,−ωnχk,ωn , (3)
where χj,ωn is the Grassmann number correspond-
ing to the Majorana operator cj , and G0 represents
the Weiss function including the effect of bath. For
a given configuration of {η}, the impurity problem
is exactly solvable and Green’s function is obtained
as (G{η}(iωn))
−1 = (G0(iωn))
−1 − h{η}, where h{η}
is the matrix representation of the second term in
Eq. (3). Local Green’s function is also exactly cal-
culated through G(iωn) = P({η})G
{η}(iωn), where
P({η}) = Z{η}/
∑
{η} Z
{η} with Z{η} = e−S
{η}
eff =
∏
n≥0 det[−G
{η}(iωn)], as we can compute G
{η}(iωn)
and P({η}) for all 2Nc/2 configurations of {η} in a Nc-site
cluster [27]. The self-consistent equations in CDMFT
are given as Σ(iωn) = (G0(iωn))
−1 − (G(iωn))
−1 and
(G0(iωn))
−1 =
(
1
N
∑
k[iωn − 2H0(k)− Σ(iωn)]
−1
)−1
+
Σ(iωn), where Σ is the self-energy, N is the number of
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FIG. 1: (a) Schematic picture of the Kitaev model on the
honeycomb lattice [Eq. (1)] and the mapping to a 26-sites
cluster used in the Majorana CDMFT. (b) The specific heat
Cv and equal-time spin correlations for NN sites, 〈S
z
jS
z
k〉, ob-
tained by the Majorana CDMFT for the isotropic FM case.
QMC data in Ref. [17] are plotted by gray symbols for com-
parison.
clusters in the whole lattice, and H0(k) is the Fourier
transform of the first and second terms in Eq. (2).
Thus, the Majorana CDMFT provides the exact re-
sults for thermodynamic quantities of the quantum spin
model (1), except for the cluster approximation. This
is a distinct advantage of the Majorana representation:
the original quantum spin representation does not ad-
mit the exact enumeration. In addition, the cluster ap-
proximation works quite well in the current system with
extremely short-range spin correlations [28], as demon-
strated below. In the following calculations, we take the
26-sites cluster shown in Fig. 1(a), and consider 60× 80
array of the unit cell [29]. Typically, the CDMFT loop is
repeated for ten times until convergence.
A benchmark of the Majorana CDMFT is shown in
Fig. 1(b). We compare the specific heat and the equal-
time NN spin correlations 〈Spj S
p
k〉 obtained by CDMFT
with those by QMC in Ref. [17]. The data are calculated
for the isotropic FM case, Jx = Jy = Jz = 1 (the sign of
〈Spj S
p
k〉 is reversed for AFM). As indicated by two broad
peaks in the specific heat in the QMC results, the system
exhibits two crossovers at TH ∼ 0.375 and TL ∼ 0.012.
The spin correlations grow down to T ∼ TH, while they
saturate below TH and do not show significant changes at
TL [17]. These behaviors are excellently reproduced by
CDMFT, except for the low-T peak in the specific heat.
The sharp anomaly in the CDMFT result at T ≃ 0.014 is
3due to a phase transition by ordering of 〈η〉, which is an
artifact of the mean-field nature of CDMFT. The com-
parison, however, shows that the CDMFT gives qualita-
tively correct results in a wide T range above the low-T
crossover, i.e., T & 0.015. We note that the quantum
spin liquid state at sufficiently low T , where all ηr = 1,
is also reproducible [29]. Thus, the present CDMFT en-
ables to calculate the physical properties with sufficient
precision in the wide T range except for the vicinity of
TL. In the following, we apply the CDMFT in this qual-
ified T range above TL to the study of spin dynamics,
which one cannot compute by QMC.
In the calculations of dynamical quantities, we need
an additional effort beyond the exact enumeration in the
Majorana CDMFT. This is because the calculation of dy-
namical spin correlations 〈Spj (τ)S
p
k〉 requires the imag-
inary time evolution of the c¯ variables that compose
the conserved quantities η. To compute 〈Spj (τ)S
p
k〉, we
adopt the CTQMC based on the strong coupling ex-
pansion [30]. 〈Szj (τ)S
z
k〉 on an r0 bond is calculated
as 〈Szj (τ)S
z
k〉 =
∑
{η}′,ηr0=±1
P({η}′, ηr0)〈S
z
j (τ)S
z
k〉
{η}′
by using the CDMFT solutions; here, {η}′ represents
the configurations of ηr except for the r0 bond, and
〈Szj (τ)S
z
k〉
{η}′ is calculated for a given {η}′ by CTQMC.
As the interaction between Majorana fermions lies only
on the r0 bond, it is sufficient to solve the two-site impu-
rity problem in CTQMC. In the CTQMC calculations,
we typically run 107 steps with measurement at every
20 steps, after 105 steps of initial relaxation, for each
〈Szj (τ)S
z
k〉
{η}′ . 〈Spj (τ)S
p
k 〉 for p = x, y are obtained by
taking the lattice coordinate so that p = z. In the fol-
lowing, we present the results for the isotropic coupling,
Jx = Jy = Jz = J , where the ground state is a gapless
quantum spin liquid [7]. We compute both FM and AFM
cases [32] with setting |J | = 1 as the energy unit. The
systematic study of the anisotropic cases will be reported
elsewhere.
Using the Majorana CDMFT+CTQMC, we calcu-
late the dynamical spin structure factor, NMR re-
laxation rate, and magnetic susceptibility. The dy-
namical spin structure factor is defined as S(q, ω) =
1/(3NNc)
∑
p
∑
j,k e
iq·(rj−rk)Spj,k(ω), where S
p
j,k(ω) is
obtained by solving 〈Spj (τ)S
p
k〉 =
∫
dωSpj,k(ω)e
−ωτ by
the maximum entropy method [31]. We confirmed the
validity of the procedures by the fact that the low-T re-
sult with 〈η〉 ≃ 1 (beyond the quantified T range) re-
produces the T = 0 solution [18]. The NMR relaxation
rate is obtained by using the relation, 1/T1 ∝ S
x
j,k(ω =
0) + Syj,k(ω = 0); we compute the contributions from
onsite and NN-site correlations separately, as the hy-
perfine coupling is unknown. The magnetic susceptibil-
ity is calculated as χp = 1/(NNc)
∑
j,k
∫
dτ〈Spj (τ)S
p
k〉;
χx = χy = χz = χ for the isotropic coupling.
Figure 2 shows the T dependences of the dynamical
spin structure factor S(q, ω) for both FM and AFM
(a) (b)
(c) (d)
(e) (f)
(g) (h)
MK K M K K
FM AFM
FIG. 2: The dynamical spin structure factor S(q, ω) obtained
by the Majorana CDMFT+CTQMC for the (a)(c)(e)(g) FM
and (b)(d)(f)(h) AFM cases at (a)(b) T ≃ 0.018, (c)(d) T ≃
0.094, (e)(f) T ≃ 0.24, and (g)(h) T ≃ 2.4.
cases. At high T > TH, S(q, ω) shows only a diffusive
response at ω ∼ 0 with less q dependence in both FM
and AFM cases, as shown in Figs. 2(g) and 2(h). The q-
ω dependence begins to develop while lowering T below
TH ∼ 0.375; the diffusive weight shifts to a positive ω re-
gion ranging to ω ∼ J below TH [Figs. 2(e) and 2(f)], and
at the same time, the quasi-elastic component at ω ∼ 0
grows gradually [Figs. 2(c) and 2(d)]. The quasi-elastic
response is large around the Γ point in the FM case,
whereas it is distributed on the Brillouin zone bound-
ary (along the K-M line) in the AFM case. With fur-
ther decreasing T , the intensity of the quasi-elastic peak
continues to increase while approaching TL ∼ 0.012, as
shown in Figs. 2(a) and 2(b). The low-T behavior con-
verges on the ground state solution, which has a sharp
peak at ω ∼ 0.12J together with an incoherent weight at
ω ∼ J [18].
To see these behaviors more clearly, we show the data
at the Γ and K points, denoted as S(Γ, ω) and S(K, ω),
respectively, in Fig. 3. Note that S(K, ω) is the same
for the FM and AFM cases by symmetry. In the FM
case, S(Γ, ω) and S(K, ω) show qualitatively similar T -ω
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FIG. 3: S(Γ, ω) for the (a) FM and (c) AFM cases, and (e)
S(K, ω) at several T . (e) is common to the FM and AFM
cases. The corresponding contour plots in the T -ω plane are
shown in (b)(d)(f). The arrows indicate the temperatures
used for the data in (a)(c)(e). The dashed curves represent
the average frequency of S(q, ω) (see the text for details). In
(a)(c)(e), the errorbars are shown for every ten data along the
ω axis.
dependence, as shown in Figs. 3(a)(b) and 3(e)(f); the
inelastic response at ω ∼ J appears below TH, and the
quasi-elastic one at ω ∼ 0 rapidly grows as approaching
TL. On the other hand, in the AFM case, the strong
quasi-elastic intensity at low T is absent, while the in-
elastic response at ω ∼ J arises below TH, as in the FM
case, as shown in Figs. 3(c)(d).
Despite the different q dependence reflecting the sign
of J , S(q, ω) exhibits common characteristic ω-T depen-
dence: the emergence of the inelastic response at ω ∼ J
for T . TH, and the rise of the quasi-elastic response
as T → TL. These peculiar behaviors are regarded as
the signatures of the fractionalization of quantum spins
into two types of Majorana fermions, itinerant “matter
fermions” and localized “fluxes”, which correspond to c
and η in Eq. (2), respectively. The previous QMC studies
revealed that the matter fermions and fluxes affect the
thermodynamics at very different T scales [17, 23]; the
kinetic energy of matter fermions, which is equivalent to
the equal-time spin correlations 〈Spj S
p
k〉 [see Eqs. (1) and
(2)], is gained at T ∼ TH, whereas the fluxes shows a
condensation at T ∼ TL to the flux-free state with all
ηr = 1. Our results of S(q, ω) obtained above indicate
onsite
NN-site
THTL THTL
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FIG. 4: T dependences of (a) the NMR relaxation rate 1/T1
and (b) the magnetic susceptibility χ. In (b), the dashed
curves represent the Curie-Weiss behavior χCW.
that the former is closely related to the evolution of the
inelastic response at ω ∼ J below TH, while the latter to
the rise of the quasi-elastic response as approaching TL.
The relation between the inelastic response and the
matter fermions is grasped through two sum rules for
the dynamical spin structure factor. For instance, at the
Γ point, the sum rules read
∫
Sp(Γ, ω)dω = 〈Spj S
p
k〉+1/4
and
∫
ωSz(Γ, ω)dω = (Jx〈S
x
j S
x
k 〉 + Jy〈S
y
j S
y
k 〉)/2 (simi-
larly for p = x, y), where 〈Spj S
p
k〉 denotes the equal-time
NN spin correlation [33]. As mentioned above, in the Ki-
taev model, 〈Spj S
p
k〉 corresponds to the kinetic energy of
the matter fermions. Hence, when we compute the av-
erage frequency of Sp(Γ, ω) by the ratio of the two sum
rules, ω¯ ≡
∫
ωSz(Γ, ω)dω/
∫
Sz(Γ, ω)dω, the kinetic en-
ergy gain of the matter fermions at T ∼ TH results in the
shift of ω¯ from almost zero to a nonzero positive value.
This is indeed seen in Figs. 3(b) and 3(d), where ω¯ is
plotted by the dashed curves. The difference of the val-
ues of low-T ω¯ between the FM and AFM cases is also
accounted for by the opposite sign of the NN contribution
in the first sum rule.
On the other hand, below T ∼ TL, the quasi-elastic
response converges on the sharp peak at ω ∼ 0.12J with
a flux gap ∆ ≃ 0.065J [7] in the T = 0 solution [18]. As
the fluxes are proliferated above T ∼ TL [17], the decay
of the quasi-elastic response for T & TL is considered as
a consequence of the thermally excited fluxes. Indeed,
the flux gap is smeared out in our results above T ∼ TL.
We find that the influence of excited fluxes is more
clearly visible in the NMR relaxation rate 1/T1. Fig-
ure 4(a) shows the CDMFT+CTQMC results of 1/T1: we
plot the value of Sxj,k(ω = 0)+S
y
j,k(ω = 0) in the FM case
(the NN component changes its sign in the AFM case). In
the high-T region above TH, as expected for the conven-
tional paramagnets [34], the onsite component is nearly
T independent, while the NN-site one increases gradu-
ally with decreasing T , reflecting the growth of equal-
time spin correlations 〈Spj S
p
k〉 in Fig. 1(b). Below TH,
however, both components increase and show a peak at
slightly above TL, despite the saturation of equal-time
correlations [35]. The pronounced peak is regarded as
the consequence of thermally excited fluxes above TL, as
5the suppression of 1/T1 for T . TL is due to the for-
mation of the flux gap in the low-T limit [18]. The un-
expected behavior below TH is also seen in comparison
with the magnetic susceptibility χ in Fig. 4(b); despite
the enhancement of 1/T1, χ is suppressed from the Curie-
Weiss behavior, χCW = 1/(4T − J), which is obtained
by the standard mean-field approximation in the origi-
nal spin representation. These T dependences of 1/T1,
χ, and 〈Spj S
p
k〉 below TH are highly unusual; in conven-
tional quantum magnets, the dynamical spin correlations
grow with the static ones. The dichotomy between the
static and dynamical correlations is a clear signature of
fractionalization of quantum spins [29].
In summary, we have presented a comprehensive set
of theoretical results for dynamical and static spin cor-
relations, which evince fluctuating fractionalized spins in
the Kitaev QSLs. The results are unveiled by using the
Majorana CDMFT+CTQMC method developed in the
current study. Experimentally, an unusual inelastic re-
sponse, similar to our results of S(q, ω), was observed
in the recent neutron scattering experiment for a Ki-
taev candidate, α-RuCl3 [16]. Also, a similar peak in
1/T1 to our results was observed for another candidate,
Li2RhO3 [36]. The deviation of χ from χCW was already
reported in many materials [9–11]. Obviously, further
systematic studies for the Kitaev candidate materials are
highly desired to test our predictions. Our results will
stimulate the rapidly-evolving “pincer attack” by theory
and experiment for the long standing issue—the identifi-
cation of fractionalized spins in QSLs.
The authors thank M. Imada, Y. Kato, M. Udagawa,
and Y. Yamaji for fruitful discussions. This research was
supported by KAKENHI (No. 24340076 and 15K13533),
the Strategic Programs for Innovative Research (SPIRE),
MEXT, and the Computational Materials Science Initia-
tive (CMSI), Japan.
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Cluster size dependence
The CDMFT is an approximation which replaces the
infinite-size system by a finite-size cluster embedded in a
bath [see Fig. 1(a) in the main text]. It becomes exact
when the cluster size is increased to infinity. Thus, it is
crucial how the results converge to the thermodynamic
limit as a function of the cluster size.
Figure S1 shows the cluster size dependence
of the magnetic susceptibility obtained by the
CDMFT+CTQMC method. The data are plotted
as functions of the cluster width in the xy direction, not
the total number of lattice sites included in the cluster.
This is because the width in the xy direction is rather
relevant compared to that in the z direction in the
present CDMFT, presumably due to the Majorana rep-
resentation based on the Jordan-Wigner transformation
along the xy chain. Other physical quantities calculated
in the main text behave in a similar manner.
As shown in Fig. S1, for both FM and AFM cases, the
results show good convergence when increasing the clus-
ter size. In fact, the convergence is very quick, except for
the low-T region in the vicinity of the artificial transition
temperature Tc ≃ 0.014, which is close to TL ≃ 0.012
[see Fig. 1(b) in the main text]. For instance, the data
at T ≃ 0.038, which is sufficiently high compared to Tc,
are almost unchanged while increasing the cluster width
larger than ∼ 4 in all the different series of the clusters.
On the other hand, while lowering temperature and ap-
proaching Tc, the cluster size dependence becomes sub-
stantial, as shown in the data at T ≃ 0.017 in the figure.
Nevertheless, the data for the 26-site cluster, which is
used in the main text [the width is ∼ 4.3 in the series of
Fig. S2(a)], give sufficiently converged results: the rem-
nant relative errors are . 3% for both FM and AFM
cases. Note that the remnant errors become discernible
only in the very vicinity of Tc. From these observations,
we confirmed that our data in the wide range of T above
Tc ≃ 0.014 are quantitatively correct and well reproduce
the behaviors expected in the thermodynamic limit.
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FIG. S1: Cluster size dependence of the magnetic suscep-
tibility for (a) the FM and (b) AFM cases. The different
symbols represent the different series of the clusters: trian-
gles, circles, and squares correspond to Fig. S2(a), S2(b), and
S2(c), respectively. The data in the dashed circles with ar-
rows indicate the results for the 26-site cluster used in the
calculations in the main text. The definition of the cluster
width is described in the caption of Fig. S2.
CDMFT+CTQMC results for T < TL
As mentioned in the main text, the CDMFT calcula-
tion exhibits a phase transition by ordering of 〈ηr〉 at
T ≃ 0.014 because of the mean-field nature of CDMFT.
Below the critical temperature, 〈ηr〉 becomes almost 1,
namely, the state is almost similar to the flux-free ground
state. In the ground state, S(q, ω) shows a small gap
≃ 0.065J due to the gapped flux excitation [18]. In
Fig. S3, we show the CDMFT+CTQMC results for the
dynamical spin structure factor at T = 0.00825, which is
6(a)
width
(
width
(c)
width
FIG. S2: Schematic picture of three series of the clusters used
in Fig. S1. In each series of clusters, the cluster size is varied
by the cluster width in the xy direction, while keeping the
width in the z direction. The cluster width in the xy direction
is given by the average number of the z-bonds (indicated by
the red lines in the figures), which is used in the plots in
Fig. S1. In these examples, the cluster width is (a) 13/3 ≃ 4.3,
(b) 4, and (c) 5.
well below the critical temperature as well as TL. The
result exhibits the flux gap, consistent with the previous
results at T = 0. This further supports the validity of
our CDMFT+CTQMC calculations. In Figs. 2 and 3 in
the main text, the flux gap is smeared out and not clearly
visible as the fluxes are excited by thermal fluctuations
above TL.
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FIG. S3: (a) S(Γ, ω) and (b) S(q, ω) at T = 0.00825 for the
FM case. In (a), the errorbars are shown for every ten data
along the ω axis.
Plots of Fig. 4 in the T -linear scale
In Fig. 4 in the main text, we show the NMR relaxation
rate 1/T1 and the magnetic susceptibility χ as functions
of lnT . For reference, we present them in the T -linear
scale in Fig. S4.
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FIG. S4: The same plots as Fig. 4 in the main text in the
T -linear scale.
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